CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 



6.1 VOLUMES USING CROSS-SECTIONS 

1. A(x) = (dlag ° nal) ' = ULl _ 2x; a = 0. h - 4; 

V = J A(x) dx — 2xdx = [x 2 ] (, = 16 

2. A(x) = = M(2-xp-xf = M2(i-x=»)] 3 _ ^ (1 _ 2x 2 + x 4 ) ; a = — 1, b = 1; 

V = £ A(x)dx = f\(l -2x 2 +x 4 ) dx = n x - § x 3 + f 1 j = 2 tt (l - § + 1) = 

3. A(x) = (edge) 2 = £ 1 — x 2 — \/ 1 — x 2 ^ = ^2\/ 1 — x 2 ^ = 4 (1 — x 2 ) ; a = — 1, b = 1; 

V = £a(x) dx = £ 4(1 - x 2 ) dx = 4 x - f 1 ^ = 8 (l - i) = f 

4. A(x) = (diag ° nal) ' = = 2 (i _ x 2) ; a = -l,b= 1: 

V = £a(x) dx = 2 £ (1 - x 2 ) dx = 2 x - f 1 ^ = 4 (l — |) = | 

5. (a) STEP 1) A(x) = ' (side) • (side) • (sin |) = ,) • ^2i/sin xj ■ (l \/ sin xj (sin |) = \/3 sin x 

STEP 2) a = 0, b = 7r 

STEP 3) V = £a(x) dx = ^/3 £ sin x dx = -a/3 cos x '' = a/3(1 + 1) = 2^/3 

(b) STEP 1) A(x) = (side) 2 = ^2 \J sin x^j ( '2 \f sin xj = 4 sin x 
STEP 2) a = 0,b = 7r 

STEP 3) V = £ A(x) dx — J o 4 sin x dx = [—4 cos x] J = 8 

6. (a) STEP 1 ) A(x) = " (dm ™ eter) = | (sec x — tan x) 2 = | (sec 2 x + tan 2 x — 2 sec x tan x) 

= | [sec 2 x + (sec 2 x - 1) - 2 
STEP 2) a=-f,b=f 

STEP 3) V — £ A(x) * = J (2 s ec> x - 1 - |jf ) dx = J [2 lan x - x + 2 (- ^)] ’% 

= f [2A - | + 2 (- T t T ) - (-2x/3 + f + 2 (- J,))] = } (V5 - f ) 

(b) STEP 1) A(x) = (edge) 2 = (sec x — tan x) 2 = (2 sec 2 x — 1 — 2 
STEP 2) a = -f,b = f 

STEP 3) V = f\(x) dx = f £ (2 sec 2 x - 1 - dx = 2 feyfe - f ) = 4^3 - f 

7. (a) STEP 1) A(x) = (length) • (height) = (6 - 3x) • (10) = 60 - 30x 

STEP 2) a = 0, b = 2 

STEP 3) V = £a(x) dx = £(60 - 30x) dx = [60x - 15x 2 ] 2 = (120 - 60) - 0 = 60 
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(b) 


STEP 1) 


A(x) = (length) 


• (height) 


= (6 


- 3x) • ( 




STEP 2) 


a = 0, b = 2 










STEP 3) 


V = f b A(x) dx 

d a 


= r < 24 


+ 6x 


- 9x 2 )dx 


(a) 


STEP 1) 


A(x) = l(base) 


• (height) 


= (v^~ 1) •< 




STEP 2) 


a = 0, b = 4 










STEP 3) 


V = f b A(x) dx 

d a 


- /> 


1/2 _ 


3x) dx = 


(b) 


STEP 1) 


A(x) = 1 -7r( dian ; eter ) 2 = ’ 


\-n( 


A 5 ) 2 




STEP 2) 


a = 0, b = 4 










STEP 3) 


V = f^A(x) dx 


= s/:<x 


— x : 


!/ 2 + l x 2' 


A(y) = ^ (diameter) 2 = J (v^y 2 - o)“ 


5-7T 
” 4 


y 4 ; 


c = 


0, d = 2; V = f* A(y) dy = 




dy 




= 


(57r\ (f\ 
\ 4 J \ 5 J 


’ o = ? (2 5 - °) 


= 87T 







20 - 2(6 - 3x) 
2 



) = (6 — 3x)(4 + 3x) 



= 24 + 6x - 9x 2 



= f(x - x 3 / 2 + ix 2 ) 




7 r 

15 



10. A(y) = 1 (legXleg) = | [^/l - y 2 - (— ^/l -y 2 )]" 



V = 



£ A(y) dy = /_‘2(l- y 2 ) dy = 2 




= 5 ( 2 V / T ^) 2 
= 4(t-i) = f 



2 (1 — y 2 ) ; c = — 1, d = 1; 



11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have g = d =>■ h = 3 h. The 
equation of the line through (5, 0) and (0, 4) is y = — |x + 4, thus the length of the base = — |x + 4 and the 
height = |(— |x + 4) = — |x + 3.Thus A(x) = i(base) • (height) = |(— |x + 4) • (— |x + 3) = ^x 2 - ^x + 6 

and V = f* A(x) dx = /^(^x 2 - f x + 6) dx = [|x 3 - fx 2 + 6x] jj = (10 - 30 + 30) - 0 = 10 



12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have 

S = | => b = § h - Thus A(y) = (base) 2 = (fy) 2 = §y 2 =* V = f\(y) dy = y 2 dy = [|y 3 ] S Q = 15 - 0 = 15 



13. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right 
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length) 2 = s 2 ; 

STEP 2) a = 0, b = h; STEP 3) V = f\(x) dx = fs 2 dx = s 2 h 

J a JO 

(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism 
described above, regardless of the number of turns => V = s 2 h 
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14. 1) The solid and the cone have the same altitude of 12. 

2) The cross sections of the solid are disks of diameter 

x — (!) = | . If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 
| — (— |) = I (see accompanying figure). 

3) The solid and the cone have equal altitudes and identical 
parallel cross sections. From Cavalieri's Principle we 
conclude that the solid and the cone have the same 
volume. 



y 




NOT TO SCALE 




=* V = Jo dx = 4 0 - I) 2 dx = n fo ( X - X + t) dx = * [ x - T + e] 0 

27 r 

— 3 



16. R(y) = X = f => v = / 0 URXy )] 2 dy = tt/ o (ff dy = tt f g f y 2 dy = tt [f y 3 ] ( 



17. R(y) = tan (| y) ; u = | y => du = f dy => 4 du = 7r dy; y = 0 => u = 0, y = 1 =>• u = | ; 

V = J ( 7r[R(y)] 2 dy = 7rJ^ [tan (| y)] " dy = 4 J g tan 2 u du = 4 J g (— 1 + sec 2 u) du = 4[— u + tan u]^ 4 
= 4(-f + l-0)=4-7T 



r n „ 

18. R(x) = sin x cos x; R(x) = 0 =>• a — 0 and b = | are the limits of integration; V — J g 7r[R(x)]“ dx 
= ttJ o (sin x cos x) 2 dx = tt (sln 4 2x) dx; [u = 2x => du = 2 dx => y = ^ ; x = 0 =>■ u = 0, 
x = 1 => u = tt] -> V = tt/ o | sin 2 udu= | [| - \ sin2u]* = | [(| - 0) - 0] = 
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21. R(x) = \/9 — x 2 

•n 3 



= 7T 



9x — j 



J -3 



V = J 3 7r[R(x)] 2 dx = 7r J* (9 — x 2 ) dx 
2 tt [9(3) — f] =2 -tt- 18 = 36tt 




22. R(x) = x — x 2 =» V = J o 1 7r[R(x)] 2 dx = 7rJ o 1 (x-x 2 ) 2 



dx 



X ZX | X 

^ zL l ^ 



= 7 r (x 2 — 2x 3 + x 4 ) dx = 7T 

= ^G-5 + 3) = l)( 1 0- 1 5 + 6)=| i 



A 

5 



y 




X 



23. 



, r */ 1 „ rV* 

R(x) = •y' cos x => V = J g 7rlR(x)] 2 dx = 7rJ o cos x dx 

= 7r [sin x] = 7r(l — 0) = 7 r 



24. R(x) = sec x =>• V = 

r/4 

-7t/4 



X 



ti 14 9 r x / 4 9 

^7r[R(x)] dx = 7r J sec x dx 



= 7T [tan x] [[ /4 ,. = tt[1 - (-1)] = 2tt 





25. 



R(x) = x/2 — sec x tan x => V = r ^ 7t[R(x)] 2 dx 



= 7 r 



= 7T 



f f v/2 — sec x tan dx 
/; /4 (2-2v^secxtanx + sec 2 xtan 2 x) dx 
^ 2 dx — 2\/2 sec x tan x dx + (tan x) 2 sec 2 x dx 



= 7T ( [2x]q /4 - 2\fl [sec x]g 4 + 



7r/4 

0 



(f-0) -2 v / 2(v / 2-l) + i(l 3 -0)] = 77 ( 1 + 2^2 
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26. R(x) = 2 — 2 sin x = 2(1 — sin x) => V = 7r[R(x)] 2 dx 

pn/2 /■»7r/2 

~ 7r Jo 4(1 “ s i n x ) 2 dx = 47r J o (1 + sin 2 x — 2 sin x) dx 

X ir/2 

[l + 4 (1 — cos 2x) — 2 sin x] dx 
= 4^/; /2 (l-^-2sinx) 

= 47r [| x — + 2 cos x] £ 

= 4tt [(2* - 0 + 0) - (0 - 0 + 2)] = 7t(3tt - 8) 

27. R(y) = v^y 2 =► V = /' 7r[R(y)] 2 dy = tt £ 5y 4 dy 
= TT [y 5 ] ]_i = 7T[1 — (-1)1 = 2-7T 



28 . R(y) = y 3 ' 2 => V = £ 7 rLR(y )] 2 dy = n £ y 3 dy 

r 4 i 2 

— 7 r 7 = 47T 

L 4 J o 




29 . R(y) = y/ 2 ~sin^y =► V = J^VfRty )] 2 dy 

= 7 rJ" o 2 sin 2 y dy = 7 r [— cos 2 y] £ 

= tt[1 - (-1)] = 2tt 

30 . R(y) = ^/cosf => V = J%[R(y )] 2 dy 

= 7 T f 2 cos (f) dy = 4 [sin ° 2 = 4[0 - (- 1 )] = 4 



31. R(y) = ^ =► V = />[R(y)] 2 dy = 4vr £ ||p dy 
= 47r [-^Tl] fl = M“S - (-!)] = 3?r 
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32. R(y)=^§ => V = / o 1 7r[R(y)] 2 dy = 7 r/ o 1 2y(y 2 + l)- 2 dy; 
[u = y 2 + 1 =>• du = 2y dy; y = 0 => u = 1, y = 1 => u = 2] 

-*• v = 7 r f 1 u " 2 du = * h 5] 1 = ^ h I ~ (- 1 )] = ! 



X = \/Sj//(j/* + 1) 




33. For the sketch given, a = — |, b = |; R(x) = 1, r(x) = ^/cos x; V = 7r ([R(x)] 2 — [r(x)] 2 ) dx 

= J 7r(l — cos x) dx = 2-7 tJ^ (1 — cos x) dx = 27t[x — sin x]^ = 27t (| — l) = 7r 2 — 27 t 

34. For the sketch given, c = 0, d = R(y) = 1, r(y) = tan y; V = n ([R(y)] 2 — [r(y)] 2 ) dy 

= 7t / 0 ‘ (1 - tan 2 y) dy = 7T f/ (2- sec 2 y) dy = ?r[2y - tan y]g /4 = 7r(|-l) = ^- 7r 

35. r(x) = x and R(x) = 1 =*► V = £ n ([R(x)] 2 - [r(x)] 2 ) dx y 




36. r(x) = 2^/x and R(x) = 2 => v=r 7 t([R(x)] 2 — [r(x)] 2 ) dx 
= 7t (4 — 4x) dx = 4-7T X — yj = 47T (l — |) = 27T 



mr^y=2>/x 



37. r(x) = x 2 + 1 and R(x) = x + 3 

=> v = /%([Rtx )] 2 - [r(x)] 2 )dx 
= 7T [(X + 3) 2 - (X 2 + if] dx 
= 7 r f ] [(x 2 + 6x + 9) - (x 4 + 2x 2 + 1)] dx 
= 7r f i (—x 4 — x 2 + 6x + 8) dx 

= f [~ 7 - y + 6 f + 8x] ^ 

= -[(-f-! + f + 16)-G + | + |-8)]= 7 r(-f 
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38. r(x) = 2 - x and R(x) = 4 - x 2 

=> V = £, 7T (|R(x)] 2 — [r(x)] 2 ) dx 



= 7r f ] [(4 - x 2 ) 2 - (2 - x) 2 



dx 



= 7 r £ [(16 - 8x 2 + x 4 ) - (4 - 4x + x 2 )] dx 
= 7 r £ (12 + 4x - 9x 2 + x 4 ) dx 
= 7r [l2x + 2x 2 - 3x 3 + f 2 i 
= 7r[(24 + 8 -24+f) - (-12 + 2 + 3- i)] 



= 7T (15 + y) 



y 




108tt 

5 



39. r(x) = sec x and R(x) = \fl 

=> v = f'\([R(x)] 2 - [r(x)] 2 ) dx 

= 7r J* (: 2 — sec 2 x) dx = 7r[2x — tan x]'^ 4 

= 7r [(|- 1 ) -(-I + 1 )] = 7r(7T - 2) 




40. R(x) = sec x and r(x) = tan x 

=> V= / o 1 7r([R(x)] 2 -[r(x)] 2 )dx 
= 7r (sec 2 x — tan 2 x) dx = 7r J" 1 dx = 7r[x]J = 7r 




41. r(y) = 1 and R(y) = 1 + y 

=> V = / 0 1 7r([R(y)] 2 -[r(y)] 2 )dy 
= t (1 + y) 2 — 1] dy = 7T f g (1 + 2y + y 2 - 1) dy 

= £ ( 2 y + y 2 ) d y = ^ [y 2 + y] 0 = ^ + D = f 



y 




42. R(y) 
= 7 r 
= 7 r 



= 1 and r(y) = 1 - y =* V = £ tt ([R(y)] 2 - [r(y)] 2 ) dy 
£ [1 - (1 - y) 2 ] dy = tt £ [1 - (1 - 2y + y 2 )] dy 
£ (2y-y 2 )dy = 7r[y 2 -^ = 7r(l-i) = f 



y 




Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




334 Chapter 6 Applications of Definite Integrals 

43. R(y) = 2 and r(y) = y/y 

=> v = X 4 7r(LR(y)] 2 [r(y)] 2 ) dy 

— n f (4 — y) dy = 7T 4y — y — = 7r(16 — 8) = 87 t 

•J 0 ^0 



44. R(y) = y^3 and r(y) = ^/3 — y 2 

=> v = /X7r([R(y)] 2 -[r(y)] 2 )dy 

= 77 P ~ ( 3 - y 2 )] d y = 7r , X y 2 d y 





45. R(y) = 2 and r(y) =14- y/y 

=> v = X' ^ Ct R iy)] 2 - [Ay)] 2 ) d y 
= 7r / 0 [ 4 - ( 1 + ^y) 2 ] d y 

= 7r f 0 (4 - 1 - 20^ - y) dy 

= * Jo ( 3 - Vy - y) d y 

= X 3 y-5y 3/2 -fll 

= 7 t(3-|-I)= 7 t(M) = ^ 

46. R(y) — 2 — y 1 / 3 and r(y) = 1 

=> v = / 0 1 7r([ R (y)] 2 -Wy)] 2 )dy 

[(2 - y 1/3 ) 2 - i] dy 
=4> — 4y J / 3 4- y 2 ^ 3 - l) dy 
= '/.'(3 - 4y x / 3 4- y 2//3 ) dy 
= ^[3y-3 y 4/3+^] 2 =7 r (3-3+f)=f 

47. (a) r(x) = yA and R(x) = 2 

V= X 7T ([R(x)i 2 - [r(x)] 2 ) dx 
= 7 r f (4 — x) dx = 7T 4x — ^ = 7r( 16 — 8) = 877 

JO 2 J 0 

(b) r(y) = 0 and R(y) = y 2 

=> V = J 2 71 (i R (y)i 2 — i r (y)i 2 ) dy 
= */> dy = *[£]’ = 

(c) r(x) = 0 and R(x) = 2 - a /x=>V = J q tt (|R(x)] 2 - [r(x)] 2 ) dx = n £ ( 2 - s/x) 2 dx 

= n£(4-4^ + x) dx = 7 r[4x- 3 X + f]] = 7r(l6-f 4- f ) = f 
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(d) r(y) = 4 - y 2 and R(y) = 4 => V = £ w ([R(y)] 2 - [r(y)] 2 ) dy = tt £ [l6 - (4 - y 2 ) 2 ] dy 



= 7r X (16- 16 + 8y 2 - y 4 ) dy = 7T f g (8y 2 - y 4 ) dy = n §y 3 -^ 0 =7r (f 



32 \ _ 224tt 
5 ) 15 



48. (a) r(y) = 0 and R(y) = 1 - | 

=► V = £ vr([R(y)] 2 -[r(y)] 2 )dy 
= 7r / 0 (! - |) 2 dy = 7r/ o (l-y+£)dy 

= *[y - 4 + £\ Q = * {2 - i + fi) = f 

(b) r(y) = 1 and R(y) = 2 -\ 




=> v = f 0 ([R(y)] 2 - [r(y)] 2 ) dy = tt f g [(2 - \ f - 1 dy = tt f Q (4 - 2y + £ - l) dy 
= 7 r f 0 (3 - 2y + £) dy = tt [3y - y 2 + £] „ = tt (6 - 4 + £) = tt (2 + |) = f 



49. (a) r(x) = 0 and R(x) = 1 x 2 

=► v = / 1 i 7r([R(x)] 2 -[r(x)] 2 )dx 
— TT J 1 (1 — X 2 )“ dx = 7T £ ( 1 — 2x 2 + X 4 ) dx 
= 7r[x-^ + fJ^= 27 r(l-| + i) 

= 2.(1^) = f 




(b) r(x) = 1 and R(x) = 2 - x 2 => V = f\ tt ([R(x)] 2 - [r(x)] 2 ) dx = tt £ [(2 - x 2 ) 2 - 1 dx 

= 7 r £ (4 - 4x 2 + x 4 - 1) dx = n£ (3 - 4x 2 4- x 4 ) dx = n 3x - f x 3 + f 1 1 = 2tt (3 - f + 1) 
= ff (45 - 20 + 3) = ^ 

(c) r(x) = 1 + x 2 and R(x) = 2 => V = £ 7 r ([R(x)] 2 - [r(x)] 2 ) dx = tt £ [4 - (1 + x 2 ) 2 dx 

= 7 r J i (4 — 1 — 2x 2 — x 4 ) dx = 7r£ (3 — 2x 2 — x 4 ) dx = 7r 3 x — | x 3 — j = 27r (3 — | — 

= ^ (45 - 10 - 3) = ^ 



50. (a) r(x) = 0 and R(x) = — jj x + h 

=► V= £ n ([R(x)] 2 — [r(x)] 2 ) dx 
= n £ ( — 5 x + h) 2 dx 
= 4 > 2 -fx + h2 ) dx 

= ^ 2 +x] b o =7rh 2 (|^b + b) = ^ 

(b) r(y) = 0 and R(y) = b (l - *) => V = £ tt ([R(y)] 2 - [r(y)] 2 ) dy = Trb 2 /^ (l - ^) 2 dy 

= ^fo( 1 ~¥ + S) ^ ^ [y^Y + i ] h 0 = ^ 2 (h-h+|) = ^ 
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51. R(y) = b + a/ a 2 — y 2 and r(y) = b — ^/a 2 — y 2 
=> v = / a a 7r([R(y)] 2 - [r(y)] 2 ) dy 



= 7r /- a [( b + \/a 2 -y 2 ) 2 



(b - ^/a 2 




= tt J' 4b<y a 2 — y 2 dy = 4b7r J* -^/a 2 — y 2 dy 
= 4b7r • area of semicircle of radius a = 4b7r • ^ = 2a 2 b7r 2 



y 




52. (a) A cross section has radius r = ^/2y and area 7rr 2 = 27ry. The volume is J 27rydy = n [y 2 ] = 257T. 
(b) V(h) = /A(h)dh, so f = A(h). Therefore f = % • f t = A(h) • f t , so f = ^ f . 



For h = 4, the area is 2tt(4) = 8tt, so § = f • 3^ = #- • 

’ v / ’ at o7r sec o7r sec 



53. (a) R(y) = ^/a 2 — y 2 =>■ V = 7r J * (a 2 — y 2 ) dy = 7r 
= 7 r ^a 2 h — | (h 3 — 3h 2 a + 3ha 2 — a 3 ) — j 



a 2 y — 3- 



= 7T 



a 2 h - a 3 - 



- (- a3 + f ). 



( 3 



= 7 r ( a 2 h — y + h 2 a — ha 2 ) = 



7rlr(3a — h) 

3 



(b) Given A = 0.2 m 3 /sec and a = 5 m, find A 

v 7 at 7 at h=4 



From part (a), V(h) = ZllAiAA! = 57rh 2 - A! 



3 

0.2 



=> f = 10^h-7Th 2 => f = f -f =7Th(10-h)f =* 11^=4^34) 



(20iX6) = T h m,SeC - 



54. Suppose the solid is produced by revolving y = 2 — x about 
the y-axis. Cast a shadow of the solid on a plane parallel to 
the xy-plane. 

Use an approximation such as the Trapezoid Rule, to 



estimate 



X M R (y)] 2 dy Ay. 



k— 1 




55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is A) = 7tR 2 — 7rh 2 = 7r (R 2 — h 2 ) . The cross section of the hemisphere is a disk of 

radius VR 2 — h 2 . Therefore its area is Ao = 7r ^\/R 2 — h 2 j = 7t (R 2 — h 2 ) . We can see that Ai = Ao. The altitudes of 
both solids are R. Applying Cavalieri's Principle we find 

Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7 tR 2 ) R — ^tt (R 2 ) R = | 7tR 3 . 



56. R(x) = ^ , '6 x- =3 V = f o 7r[R(x)]- dx - 7 rf o (36 - x 2 ) dx - ^ 

192 gm, to the nearest gram. 



12x 3 



= *- ( \ 

144 C 

weigh about W = (8.5) 



fj (36x 2 - x 4 ) dx 

= cm 3 . The plumb bob will 



57. R(y) = ^256 - y 2 =► V = //V^y)] 2 dy = tt f ’ (256 - y 2 ) dy = 7 r 



256y 



= 7 r 



(256)(— 7) + A _ ((256X-16) + )] = tt + 256(16 — 7) — if 3 ) 



1 “ 7 
- -16 

= 105 37T cm 3 « 3308 cm 3 
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58. (a) R(x) = |c — sin x| , so V = 7r [Rfx)] 2 dx = n J g (c — sin x) 2 dx = n J g (c 2 — 2c sin x + sin 2 x) dx 
= 7 r £ (c 2 - 2c sin x + dx = tt £ (c 2 + i - 2c sin x - dx 

= 7T [(c 2 + i) X + 2c COS X — p = 7T [ (c 2 7T + | — 2c — 0) — (0 -R 2c — 0)] = 7T (c 2 7r + | — 4c) . Let 
V(c) = 7 r (c 2 7r + | — 4c) . We find the extreme values of V(c): ^ = 7t(2c7t — 4) = 0 => c = | is a critical 
point, and V (|) = 7r (4 + | — |) = 7r (| — |) = y — 4; Evaluate V at the endpoints: V(0) = V and 
V(l) = 7r (§7r — 4) = y — (4 — 7r)7T. Now we see that the function's absolute minimum value is ~ — 4, 
taken on at the critical point c = |. (See also the accompanying graph.) 

2 

(b) From the discussion in part (a) we conclude that the function's absolute maximum value is C , taken on at 
the endpoint c = 0. 

(c) The graph of the solid's volume as a function of c for Y 

0 < c < 1 is given at the right. As c moves away from 

[0, 1] the volume of the solid increases without bound. \ ,, ( , n „ \ 

L ' J \v V - 7rl C Z 7T +— -4 CJ 

If we approximate the solid as a set of solid disks, we \ 

can see that the radius of a typical disk increases without 

bounds as c moves away from [0, 1 ]. y* 



59. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x — a to x = b about the 

nb 

x-axis is V = I 7r[f(x)] 2 dx = 4 tt, and the volume of the solid generated by rotating the same region about the line 
y = — 1 is V = 7r[f(x) + l] 2 dx = 87r. Thus 7r[f(x) + l] 2 dx — J' 7r[f(x)] 2 dx = 87r — 47 t 

=>■ 7 r / a b ([f(x)] 2 + 2f(x) + 1 - [f(x)] 2 ) dx = 4 tt ^ £(2f(x ) + 1) dx = 4 => 2 £f(x) dx + £dx = 4 
=> £f(x) dx + | (b — a) = 2 => £f(x) dx = 

60. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the 

r * b 

x-axis is V = / 7r[f(x)] 2 dx = 6 tt, and the volume of the solid generated by rotating the same region about the line 
y = —2 is V = f 7r[f(x) + 2] 2 dx = 107T. Thus f 7r[f(x) + 2] 2 dx — f 7r[f(x)] 2 dx = 107r — 6ix 

J d a d a d a 

=> 7rJ^ ([f(x)] 2 + 4f(x) + 4 — [f(x)] 2 ) dx = 47 t => J (4f(x) + 4) dx = 4 4 £ f(x) dx + 4 dx = 4 

=> J f(x) dx + (b — a) = 1 => f(x) dx = 1 — b + a 

6.2 VOLUME USING CYLINDRICAL SHELLS 

1. For the sketch given, a = 0, b = 2; 

V = /> (r^us) ( height ) dx = fr™ (* + T ) dx = 2 *fo(* + t) dX = 2 * [t + fs] „ = 2 ^ (I + if) 

= 27t • 3 = 6tt 

2. For the sketch given, a = 0, b = 2; 

v = /> gs ( s ) dx = ( 2 - t) dx = 2 *j: ( 2x - t) dx = 2?r [ x2 -&\i = ^(4 - 1) = 6tt 



3. For the sketch given, c = 0, d = \/2; 



V = £ 27r ( radius ) (height) ^ ' ft') d Y = ^ = 2?r 
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4. For the sketch given, c = 0, d = i/3; 



V = /> (£L) (height) dy = fo^y • [3 - (3 - y 2 )] dy = 27r /; 3 y 3 dy = 2 tt 

5. For the sketch given, a = 0, b = \/3; 

v = /> cil) * = /.A™ ■ (v*m) *>: 

u = x 2 + 1 =>• du = 2x dx; x = 0 => u = 1, x = y/3 => u = 4 
-> V = 7T /V/2 du = 7T [| U 3 / 2 ] \ = f (4 3 / 2 - 1) = (f ) (8 - 1) = ^ 






1^3 



J 0 



9tt 

2 



6. For the sketch given, a = 0, b = 3; 

V = /> ( radius ) (height) dx = fo 2 ™ ( ^fe) dX; 

[u = x 3 + 9 =$■ du = 3x 2 dx => 3 du = 9x 2 dx; x = 0 => u = 9, x = 3 
— > V — 2n 3u -1 / 2 du = 67r [2u j / 2 ] 3 g = \2n (y/36 — y/9 \ = 367 r 



u = 36] 




8. a = 0, b = 1; 

V = £ 27T (*£) (^f ht ) dx = /; 27TX (2x - I) dx 
= 7 T J o 2 (^f-) dx = 7T f 3x 2 dx = 7T [x 3 ] \ — 7 T 



9. a = 0, b = 1; 

v = /> ( ) ( i“, ) dx = £ 2xx [(2 - x) - A dx 
= 2tt / o ‘ (2 x - x 2 - x 3 ) dx = 2tt [x 2 - f - £ 



-| 1 
- 0 



= 2*( 1 -i-i)=2,r(^) = i£ = 



10. a = 0, b = 1; 

V = J> (** ) (a) dx = /; 27TX [(2 - x 2 ) - X 2 ] dx 
= 27 t I x(2- 2x 2 ) dx = 4 tt I (x — x 3 ) dx 

= [f - t] 0 = Q - s) = 7r 



y 




y 
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11. a = 0, b = 1; 

V = j> ( radius ) (height) dx = fo 2 ™ [v^ ~ ( 2x - D] dx 

= 2 TT £ (x 3 / 2 - 2x 2 + x) dx = 2tt [f X 5 / 2 - f X 3 + i x 2 ] l 

= 2.(i-! + I)=2.(l-f^) = 2 f 




12. a = 1, b = 4; 

V = />(,") (S) dx = />*(§*-■*) dx 

= 37t £xV 2 dx = 3 tt [§ x 3 / 2 ] J = 27 t (4 3 / 2 - l) 

= 2tt(8 - 1) = 14tt 



y 

2t 



1.5 



1 



0.5 



3 




1 2 3 4 5 



13. (a) xf(x) 
xf(x) 



X.smx, 0<X<7T 

X X, X = 0 

sin x, 0 < x < 7r 
sin x, x = 0 



sin x, 0 < x < 7r 
0, x = 0 



=> xf(x) = 
xf(x) = sin x, 0 < x < 7r 



since sin 0 = 0 we have 



(b) V 



X 27r ( rachus ) (height) dx = X 2?rx ' f « dx and x ' f « = sin x, 0 < x < tt by part (a) 
V = 2ttJ" o sin x dx = 2tt[— cos x]g = 27r(— cos tt + cos 0) = 4-7T 



14. (a) xg(x) 
xg(x) 



x- 0 < x < f 
x • 0, x = 0 
tan 2 x, 0 < x < 7 t/ 4 
tan 2 x, x = 0 



/ tan 2 x, 0 < x < 7r/4 . 

=> xg(x) = < ^ ^ ; since tan 0 = 0 we have 

=> xg(x) = tan 2 x, 0 < x < 7r/4 



(b) V 



X 2?r ( rachus ) ( height ) dx = f 0 ' 27rx ' §« dx and x ' §« = tan2 x, 0 < x < tt/ 4 by part (a) 
V = 2nJ o tan 2 x dx = 2nJ o (sec 2 x — 1) dx = 27r[tan x — x][/ 4 = 27 t (l — |) = 4w ~ n2 



15. c = 0, d = 2; 

V = J> ( ) ( i“, ) dy = />y [ yfj - C-y)] dy 



= 2?r /o (y 3/2 >'") dy - -- A -I y 



= 27 r 



167T 

15 



( 3^/2 + 5 ) 



= 27 r 



2 
0 

(?# + l)=16»(# + l) 
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16. c = 0, d = 2; 

V = J> ( r SJ fcifht) dy = £ 27ry [y 2 - (-y)]dy 
= 2./ 0 (y 3 + y 2 ) dy = 2-K [£ + £ ] o = 16 tt (§ + §) 

= 16-(!)= 4 T 



17. c = 0, d = 2; 

V = J> (**) (**) dy = £ 2*y (2y - y 2 )dy 
= 2 7r£ (2y 2 - y 3 ) dy = 2tt [f - £] * = 2 tt (f - f) 

= 32.(i-i)=^f 



18. c = 0, d = 1; 

V = /> ( *£) (4“ t ) dy = f‘ 2ny (2y - y 2 - y)dy 
= 2 tt/ o y (y - y 2 ) dy = 2 tt £ (y 2 - y 3 ) dy 

= 2n [? “ 4 ] 0 = 2n (5 - \) = I 



19. c = 0, d = 1; 

v = /> ( r fd!u‘ ) (height) dy = 2./; y[y - (-y)idy 
= ^ n So 2y 2 dy=f [y 3 ] 0 = 



20. c = 0, d = 2; 

v = /> ( ) (S, ) “y = f 2* y 1 (y - |)dy 

= 2 ’ r X’f d s , = f[y 3 lo = f 



21. c = 0, d = 2; 

v = J> (,£,) (i“,) dy = r 2 »y l< 2 + y) - y ! l d y 

= 2?r X ( 2 y + y 2 - y 3 ' d y = 2jr [y 2 + y - £ 0 

= 2tt (4 + | - f ) = | (48 + 32 - 48) = ^ 
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22. c = 0, d = 1; 

V = /> ( r f d t ) (fi) dy = £ 27ry [(2 - y) - y 2 ] dy 
= 2 tt £ (2y - y 2 - y 3 ) dy = 2 tt [y 2 - y j - £ q 
= 2^(1- 5- I) = f (12-4-3)= ^ 



y 




23. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 



24. (a) 
(b) 



(c) 

(d) 

(e) 

(f) 



25. (a) 



(b) 



(c) 



V = £ 2 ^ ( radius ) ( height ) dx = J^TT X (3x)dx = 6 TT £ X 2 dx = 2 tt [x 3 ] " = 16* r 

V = £ 2n ( radius ) (bright) d x = £ 2 ? r (4 - x) (3x)dx = 6 tt/ o (4x - x 2 )dx = 6 tt [2x 2 - |x 3 ] l = 6tt(8 - I) = 32tt 

y = L 2n ( radius ) ( bright ) dx = f 0 2 7T (x + 1) (3x)dx = 6 tt/ o (x 2 + x)dx = 6 tt [|x 3 + ix 2 ] \ = 6tt ( | + 2) = 28tt 

V = /> ( radius ) (bright^ = />ry (2 - iy)dy = 2n£ (2y - |y 2 )dy = 2 tt [y 2 - iy 3 ] J = 2 tt(36 - 24) = 24tt 

V = /> (*£) (hright)dy = j> (7 - y) (2 - iy)dy = 2 n£ (14 - f y + iy 2 )dy = 2 tt [l4y - f y 2 + iy 3 ] J 
= 2 tt(84 - 78 + 24) = 60t t 

V = £ 2n (**) (hright)dy = j> (y + 2) (2 - iy)dy = 2n£ (4 + fy - iy 2 )dy = 2 tt [4y + fy 2 - iy 3 ]* 

= 2tt(24 + 24 - 24) = 48t r 

V = J> ( racbus ) (hright)dx = f^Trx (8 - x 3 )dx = 2n £ (8x x 4 )dx = 2 tt [4x 2 - |x 5 ] ] = 2tt(16 - 3 i) = 9 -f 

V = ( radius ) (hright)dx = j> (3 - x) (8 - x 3 )dx = 2n£ (24 - 8x - 3x 3 + x 4 )dx 

= 27 r [24x - 4x 2 - ix 4 + ix 5 ] 3 = 2tt( 48 - 16 - 12 + f ) = ^ 

V = J> ( radius ) (bright) dx = J^TT (x + 2) (8 - x 3 )dx = 2 ,n £ (16 + 8x - 2x 3 - X 4 )dx 
= 27 r [l6x + 4x 2 - ix 4 - i X 5 ] 2 = 2tt( 32 + 16 - 8 - f ) = 

v = /> ( r ^s) (hright)dy = />y • y 1/3 dy = 2-4> 3 dy = f [ y 7 / 3 ] J = <f (12s) = ^ 

V = £ 27r ( radius ) (hright) d y = £ 2n (8 - y) y 1/3 dy = 2 tt/ o ( 8y l / 3 - y 4/3 )dy = 2 tt [6y 4 / 3 - iy 7 / 3 ] J 

= 2^(96 - ^f 4 ) = 5 V 67 T 

v = £ 277 ( racbus ) (bright) d y = £ 2n (y + 1) y 1/3 dx = 2tt£ (y 4 / 3 + y 1 / 3 )dy = 2 tt [|y 7/3 + |y 4/3 ] * 

= 27r(ifi + 12) = ^ 

V = £ 2t ' (rSus) (bright) dx = f 2 tt (2 - x) (x + 2 - x 2 )dx = 2nf J4 - 3x 2 + x 3 )dx = 2 tt [4x - x 3 + ix 4 ] ^ 

= 2tt(8 - 8 + 4) - 2tt(- 4 + 1 + i) = 3|B 

V = £ 2n ( racbus ) (hright) d x = fj TT (x + 1) (x + 2 - x 2 )dx = 2tt fj2 + 3x - x 3 )dx = 2 tt [2x + ix 2 - ix 4 ] 2 _ t 
= 2tt(4 + 6 - 4) - 2tt(-2 + \ - \) = ^ 

v = /> ( r r s ) (hright)dy = £ 2 ^y(yy - (-^y))dy + J>y( - (y - 2))dy 

= 4n £ y 3 / 2 dy + 2 t r £ (y 3 / 2 - y 2 + 2y)dy = f [y 5/2 ] ‘ + 2 tt [|y 5/2 - iy 3 + y 2 ] \ 

= f(l)+27r(f-f + 16)^2 7 r( 2 ^i + l) = 7 r 
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(d) V= / c d 27r(*£)( = / o 1 27r(4-y)( v ^^ ; (-0^))dy + / i 4 27r(4-y)( v ^- (y-2))dy 

= 4tt / o (4^y - y 3//2 )dy + 2 tt £ (y 2 - y 3/2 - 6y + 4^y + 8)dy 
= 4 tt [|y 3//2 - |y 5 / 2 ] o + 2 tt [ly 3 - |y 5 / 2 - 3y 2 + |y 3 / 2 + By] \ 



= 47r( = 



I) + 2 7r(y — y 



48 + f + 32) - 27r(i - §- 3 + 1 + 8) = 



108tt 

5 



26 



• (a) V = J> ( radius ) (height) dx = fa* (1 ~ x) (4 - 3x 2 - x 4 )dx = 2 nfjx 5 - x 4 + 3x 3 - 3x 2 - 4x + 4)dx 



= 2^[ix 6 



+ |x 4 — x 3 — 2x 2 + 4x] X = 27r(g 



1 y 5 _l 3 v 4 
5 X 



1 + 5 

5^4 



1^2 + 4) — 27r(g + j + | + l — 2 — 4) = 



<w v = />(,")(h"i) d y = /.' 2 ’'4^-(-^))dy+i; 4 2*y 



dy 



471- X y 5/4 dy + ^£ y\/4 - ydy [u = 4 — y => y = 4 — u =>■ du = -dy; y=l=>u = 3, y = 4=>u = 0] 



167T 

9 



167T 

9 



b 9/4 ] ; - $£ (4 - u) V^du = i^(l) + fj 0 (4y / u - u 3 / 2 )du = ^ + 75 [f u3/2 - i u5/2 ] 



•fiJ o 






47T 

xA 



(8\/3 - f\/i) 



167T 

9 



88?r 

5 



872tt 

45 



27. (a) V = X> (*£ ) ( height ) dy = £ 2^y • 12 (y 2 - y 3 ) dy = 24^ £ (y 3 - y 4 ) dy = 24^ 

= 24^(i-l) = ^ = f 

(b) V = X>r (*£) (bright) dy = £ 2tt( 1 - y) [12 (y 2 - y 3 )] dy = 24 n£ (1 - y) (y 2 - y 3 ) dy 
= 24 n£ (y 2 _ 2y 3 + y 4 ) dy = 24 tt [£ - £ + £] * = 24t7 (± - \ + i) = 2477 (A) = f 

(c) V = X>r (“) ( h s “h t ) dy = £ 27r (I - y) [12 (y 2 - y 3 )] dy = 24 tt Xo (I - y) (y 2 - y 3 ) dy 



1 1 

- 0 



247r X (f y 2 - t y 3 + y 4 ) d y = 2477 



A v 3 _ 13 4 , 
15 y 20 y ^ 



= 24^(A-i + d) = w(32 - 39+ 12) 



24t r 
12 



= 2tt 



(d) V = /'in (“) ( ** ) dy = X* 2 tt (y + §) [12 (y 2 - y 3 )] dy = 24^' (y + §) (y 2 - y 3 ) dy 



24 ~X (y 3 



■ y 4 + 1 y 2 



y 3 ) dy = 247r £ (f y 2 + f y 3 - y 4 ) dy = 24 tt 



Xy 3 



A v 4 _ r 
20 y 5 



1 1 
0 



= 24tt(£ + Js-§) = ^(8 + 9-12)=^=27t 



28. 



(a) V = £ 2n ( radius ) (hdght) d y = £ 2ny [t - ( A £)] d y = £ 2tt y (y 2 - X) dy = 2tt£ (y 3 - £) d y 



= 2tt 



3-6] ; = 2-(¥-S) =32^(1- A) =32^(1- 1) =32tt(A) 



8tt 

3 



(b) V = £ln (Xs) (bright) dy = X>(2 - y) [? - ( A ?)] dy = £ 277(2 - y) (y 2 - £) dy 



2?r fo ( 2 y 2 - T - y 3 + T ) dy = 277 



y_ 

10 



— ?^r ^16 _ 32 _ 16 I 64\ _ 8 tt 
~ z ' n \3 10 4 '24/ 5 

(c) V = X> (“) ( *£) dy = £ 277(5 - y) [? - (^ - f )] dy = £ 2 tt( 5 - y) (y 2 - £) d y 

= 277 (f^f-f + ff)= 8 77 



= 2tt 



I> 2 - 



§ y 4 - y 3 + ^ 



) dy 



= 27T 



20 



(d) V = fa(~) ( ", ) dy = X 2,(y+ |) [$-($- 6)] dy 



-S)»y 



= 27T 



rc- 



£ + sy 



5 „2 
8 ' 



A v 4 
32 y 



) dy 



= 2?r 



y_ _ y_ t 5y_ _ ty 
/i 24 ' 0/1 



24 



160 



J 0 



= 27T f 16 _ 64 , 40 _ 160\ 4 

Z71 V 4 24 ' 24 160/ yl 
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29. (a) 



(b) 



About x-axis: V = /> (*£) (^)dy 

= L 2n y(Vy~ y) d y = 2n f 0 ( y 3/ 2 - y 2 ) d y 

= 27 r[|yV 2 -Iy 3 ]J= 27 t(| 1 I) = ff 

About y-axis: V = £2n ( r ^“) (^)dx 
= J g 2 ttx(x — x 2 )dx = 2.nf o (x 2 — x 3 )dx 




About x-axis: R(x) = x and r(x) = x 2 => V = J 7r[R(x) 2 — r(x) 2 ]dx = J g 7r[x 2 — x 4 ]dx 




About y-axis: R(y) = y and r(y) = y =>• V 



f c 7r[R(y) 2 - r(y) 2 ]dy = f g 7r[y - y 2 ]dy 




30. (a) V = 7 t[R(x) 2 — r(x) 2 ]dx = Trf g [(| + 2) 2 — x 2 dx 

r* 4 f 3 "I 4 

= 7Tj o (-fx 2 + 2x + 4)dx = + x 2 + 4x 

= 7r(— 16 + 16 + 16) = 167r 

(b) V = /> (“) ( *j)dx = />x(§ + 2 - x)dx 

= fo 2irx ( 2 ^ l) dx = 27r /o ( 2x - y) dx 

= 22r [ x2 -f]^M 16 -f) = 3 f 

(°) V = J> ( radius ) ( bright) dx = IoM 4 ~ x ) ( 1 + 2 ~ x ) dx = f g 2n(4 - x)(2- |)dx = 2 tt/ o 4 (8 - 4x + f )dx 
= 2 tt[8x - 2x 2 + £ ^ = 2 tt(32 - 32 + f ) = & 

(d) V = 7r[R(x) 2 — r(x) 2 ]dx = tt f g [(8 — x) 2 — (6 — §) 2 dx = 7rJ" g [(64 — 16x + x 2 ) — (36 — 6x+^) dx 

nj g (|x 2 — lOx + 28)dx = 7r[^ — 5x 2 + 28x = 7t[l6 — (5)(16) + (7) (16)] = 7t(3)(16) = 487r 





( b ) V = L 2n ( radius ) (height) dx = / 2 ™( 2 " U dx = 2^Jj (2x - X 2 ) dx = 2 tT [x 2 - f ] i 

= 2,71 [(4 - 1) - (i - D ] = 2it - (^)] = 2 - (i - 1) = f 

( C) V = £ 2n ( radius ) (height) dx = £ 2t7 (f ~ X ) ( 2 " X) dx = 2n f ( f " f X + X 2 ) dx 

= 2 7 r[fx-fx 2 + Ix'^=2.[(f-f + |)-(f-| + I)]=2 7 r(|)=2. 

(d) V = /> (“) ( **) dy = f\n(y - l)(y - 1) dy = 2nf i \y - l) 2 = 2 tt [^] ( = f 
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32. (a) V = /> (*£) ( ) dy = f\ny(f - 0) dy 

= 2 tt/ o y 3 dy = 2 tt [£] q = 2tt (£) = 8tt 

( b ) V=/ a b 27r( I ^)(*J t )dx 

= 27 rx (2 — y/x) dx = 27 t (2x — x 3 / 2 ) dx 

= 2„[x 2 -lxV^ = 2,(l6-¥) 

= 27 r (16 - f ) = f (80 - 64) = ^ 

(c) V = f\n (Xs) (height) dx = /„ 4 2^( 4 - x) (2 - v^) dx = 2 tt£ (8 - 4x 4 / 2 - 2x + x 3 / 2 ) dx 

= 2t r [8x - f x 3 / 2 - x 2 + § x 5 / 2 ] * = 2 tt (32 - f - 16 + f ) = ^ (240 - 320 + 192) = f§ (112) = ^ 

(d) V = /> (*£) ( **) dy = £ln(2 - y) (y 2 ) dy = 2 tt £(2y 2 - y 3 ) dy = 2 tt [| y 3 - £]* 

= 27r(f-if)=f (4-3)=f 




33. (a) V = /> (“) ( *£) dy = / o 1 27ry(y - y 3 ) dy 

= X 2 n (y 2 - y 4 ) d y = [y - f\ 0 = 277 (I - 5) 

47T 

— 15 

(b) V = X d 27T ( radtus ) (height) d Y 

= fo 27r(1 _ y) (y _ y 3 ) d y 
= 27r £ (y - y 2 - y 3 + y 4 ) d y = 27r [? - ? - £ + i] 0 = 2n (I 



x 

+ 3) = |g (30 20 15 + 12) = 




34. (a) V = (Radius) ( height ) d y 
= f 0 2vry [1 - (y-y 3 )]dy 
= 27 t f g (y - y 2 + y 4 ) dy = 2^ [£ - £ + £ ] q 
= 27T (i - i + i) = |g (t5 - 10 + 6) 

1 1 7T 

— 15 

(b) Use the washer method: 

V = £n [R 2 (y ) - r 2 (y)] dy = £ tt [l 2 - (y - y 3 ) 2 ] dy = tt £ (1 - y 2 - y G + 2y 4 ) dy = tt [y - £ - £ + 2 £\ * 

= ^( 1 -3-7 + l) = TS5 (1 °5 - 35 - 15 + 42)=^ 




(c) Use the washer method: 



V = fc 77 [ R2 (y) - r2 (y)] dy = f 0 n I 1 - (y - y 3 )] 2 - 0 dy = 7r/ o [l - 2 (y - y 3 ) + (y - y 3 ) 2 dy 

= 77 £ (1 +y 2 +y 6 - 2 y + 2 y 3 - 2 y 4 ) dy = 7r[y+^ + ^-y 2 + ^-£^ = ^(l + f + i- l + i-=) 



= jfo (70 + 30 + 105 - 2 • 42) = 



(d) V = £277 ( r s “ s ) (height) dy = £ 277(1 - y) [1 - (y - y 3 )] dy = 277 £(1 - y) (1 - y + y 3 ) dy 

= 2tt£ ( 1 - y + y 3 - y + y 2 - y 4 ) dy = 2n£ ( 1 - 2y + y 2 + y 3 - y 4 ) dy = 2 tt [y - y 2 + f 4 
= 2tt ( t - 1 + | + i - |) = |(20+15- t2)=§: 
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35. 



(a) V=J>(*-) ( bright ) d y = £ 2n y (\/8y - y 2 ) dy 

= 2t r £ - y 3 ) dy = 2 tt y 5 / 2 - 



2 
J 0 



= 2ir 6-AM 



l 



36. 



5 


4 


!-i) 


00 

II 


/ shell \ 
V radius / 


/ shell \ 
^ height J 


44 \ 
32 y 


= 27 r 


/ shell 'i 
\ radius ) 


/ shell \ 
l height J 



-«) 




tr-2 9 -3 

160 



ir-2 4 -3 _ 48 tt 
5 — 5 



= f g 27 rx [(2x — x 2 ) — x] dx 
= 2ir f o x (x — x 2 ) dx = 27 t J g (x 2 — x 3 ) dx 

= 27r G - ?) = I 



= 2 ^[f~f 



1 

J 0 



(b) V = /> (*£) ( **) dx = £ 2nd - x) [(2x - x 2 ) - 



2n J g (x — 2x 2 + x 3 ) dx = 27r 



^ _ 2 y 3 , x! 
2 3 A ' 4 



J 0 



= 27r G-f + ?) = li(6-8 + 3) = 



37. (a) V = £tt [R 2 (x) - r 2 (x)] dx = tt £ /l6 (*~ 1/2 ~ l) dx 
= 7T [2X 1 / 2 - x] [ /16 = 7T [(2 - 1) - (2 - i - i)] 
=*(!-&) = ?? 

(b) V = /> (XJ ( dy = £ln y (ji - £) dy 

= 27r X (y 3 - «) d y = 2?r [- s y ~ 2 - S] * 

= 2 - [(- I - I) - (- I - 3^)] = 2 - (i + 3^) 

= |(8 + l)=ff 




v-l 



38. (a) V = £n [R 2 (y) - r 2 (y)] dy = f\ (i - i) dy 

= 71 [- 5 y 3 - 1§] i = w [(- 53 - I) - (- 5 - n)] 
= §(-2-6+16 + 3)= ^ 

( b) v = />(,•“,) ( ",) dx = 2 ™ (^ - 1 ) dx 

= 2 U '.( x1 ' 2 - *) dx = 2lr [l x ,/2 - t] ) 



nmTunrs — r~ * 



= 2 - [(I - I) - (I - 1 - - (I - 1 - I + 1^) = ik 



39. (a) Bisk: V = Vj - V 2 



Vi = 7r[Ri(x)] 2 dx and V 2 = 7rLR2(x)] 2 with Ri(x) — y 3 

ai = —2, bi = 1; a 2 = 0, b 2 = 1 => two integrals are required 



- U + 2 and R2 ( X ) = 



4 

J 0 
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